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Abstract 
The distance of a vertex u in a connected graph G is defined by C(U) = CL E VCcj d(u, U) and the 
distance of G is given by o(G) = i C UE VCGj~(~). Extremal values for the ratios a(T)/cr(v), 
4V&9, @#~(4~ and 44/ ( ) u u are determined where T is a tree of order n, L‘ is a centroid 
vertex of T. and w and u are end vertices of T. 
Keywords: Distance; Wiener index; Trees; Transmission; Status 
1. Introduction 
The distance between vertices u and u in a connected graph G is denoted by &(u, u) 
or d(u, u). We will use d,(u) or d(v) to denote the degree of the vertex U. The distance of 
a vertex u, CJ~(U) = O(U), in a connected graph G is defined by a(u):= CD E V(G) d(u, v). The 
distance of the graph G is given by a(G):= f C u E ye. The latter concept seems to 
have been introduced by Wiener [14-161 and, so, has also been called the Wiener 
index of G. A survey of the literature before 1984 was given by Plesnik [12]. Recently, 
Entringer [3] has provided a survey limited to distance in trees. Throughout this 
study we will continue to use distance as defined above; this was done in Ref. [S]. 
Various authors have investigated the average distance of the connected graph G of 
order n; this is p(G) = o(G)/(z). 
In these investigations trees have received considerable attention. Winkler [17] 
showed that for every rational number r > 2 there are infinitely many trees such that 
the average distance between pairs of vertices in the tree is r. Shi [13] proved the 
conjecture of the Fajtlowicz computer program Graffiti that for a tree T of order 
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n B 2, AT).LV(T) l/d(u) 3 n. Recently Entringer [4] improved this bound to 
p(T). Eve VcTj l/d(u) > 2n - 4 + 4/n and also provided an asymptotically sharp upper 
bound for this product. Entringer et al. [7] considered the expected value of a(T) over 
all trees of order n in certain families. They showed that under certain assumptions the 
expected value of a(T) was asymptotic to Qn 5/2 as n + co for the families considered 
where the value of the constant Q depends on the particular family involved. 
A maximal subtree containing a vertex v of a tree T as an end vertex will be called 
a brunch of T at v. The weight of a branch B, denoted by bw(B), is the number of edges 
in it. The centroid of a tree T, denoted by C(T), is the set of vertices u of T for which 
the maximum branch weight at a is minimized. 
Jordan has characterized the centroid of a tree. 
Theorem A (Jordan [ 111). If C = C(T) is the centroid of a tree T of order n then one of 
the following holds: 
(i) C =: (c> and bw(c) d (n - 1)/2, 
(ii) C =: {ci, c2} and bw(c,) = bw(c2) = n/2. 
In both cases, ifv E V(T)\C then bw(v) > n/2. 
Zelinka characterized the set of vertices with minimum distance in a tree T. 
Theorem B (Zelinka [lS]). The set of vertices with minimum distance in a tree T is the 
centroid of T. 
Combining these results gives the following. 
Corollary. A vertex v of a tree has minimum distance (and, thus, is in C(T)) ifl 
bw(v) Q n/2. 
In view of the following observation, Zelinka’s theorem may be extended. 
Lemma C (Entringer et al. [S]). Suppose a and b are vertices of a connected graph G. 
Let A be the set of vertices closer to a than b and let B be the set of vertices closer to 
b then a. Then o(u) - o(b) = IBJ - IAl = JB’I - JA’I where A’ = A - a and B’ = B - b. 
It follows that if v = vi, u2, . . . , vk = w is a path from a centroid vertex v to an end 
vertex w and v,$C(T), then am < cT(v2) < ... < oT(uL). 
The above results point out the importance of centroid and end vertices in distance 
considerations. Consequently, relations among the three quantities a(T), oT(u), and 
dT(w), where T is a tree, v E C(T), and w is an end vertex of G, play an important role 
in the study of distance in trees. 
The use of Lemma C also allows easy calculation of the distances of the vertices of 
a tree T: simply choose an arbitrary vertex r, calculate o(r), then use Lemma C to 
successively calculate the distance of adjacent vertices along every path from r to an 
end vertex of T. Canfield et al. [2] described a recursive procedure for determining 
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o(T) and gave an extensive list of papers involving chemical applications of a(T). 
We will have later use for the following result. 
Lemma D (Burns and Entringer Cl]). Suppose c E C(T)for a tree T and that v, w anA 
c (w = c is allowed) lie, in that order, on a path P of T. Suppose, further, that B is 
a branch of T at vertex v not containing c and let u be the vertex of B agjacent to v. Set 
T ‘:= T - uv + uw. Then a(T ‘) < cr(T ). 
The problem of finding a minimum distance spanning tree of a connected graph is 
known to be NP-hard [lo]. Empirical evidence suggests that rooted trees that are 
distance preserving from the root may be good candidates for minimum distance 
spanning trees of certain vertex transitive graphs such as hypercubes. In that connec- 
tion the following result may be of some use. Here a spanning tree T with root r is 
distance preserving with respect to the spanned graph G iff dT(r, v) = do@, v) for all 
v E V(G). In particular, breadth-first search trees are distance preserving. 
Theorem 1. A connected graph G contains a distance preserving spanning tree T with 
root r such that r is a centroid vertex of T. 
Proof. Let W:= {w E V(G)lw is a centroid vertex of a spanning tree of G>. For w E W 
define T(w) to be the set of spanning trees of G containing w as a centroid vertex. Set 
p(w):= minT,T(w)~T(~) and choose r to satisfy p(r) = minn,, p(w). Finally, let T be 
a spanning tree of G for which gT(r) = p(r); obviously r is a centroid vertex of T. 
Now suppose the tree T chosen above is not a distance preserving spanning tree 
of G with root r, i.e., T contains a vertex u for which dG(r,u) < dT(r,u). Let 
r = rlrz . . . rk = u be a shortest r-u path in G and let ri be the smallest index for 
which d&r, rJ < dT(r, rJ. Then riri_ 1 is an edge of G but not of T and 
dT(r, ri) 2 dT(r, ri_ 1) + 2. Let w be the vertex adjacent to ri and on the vi-r path in 
T and denote by m the number of vertices u of T separated from r by ri. Define 
T’:= T - riw + riri_1. We have 
gTz(r) = c4-) + m[l + dT(r,rip 1) - dT(r, ri)] < CT(r). 
Let r’ be a centroid vertex of T’; clearly r’ E W. Then, using Zelinka’s theorem, 
aT,(r’) < aT,(r) < crT(r), i.e., p(r’) < p(r), contrary to the definition of r. 0 
If we define the eccentricity of a vertex v of a connected graph G by ccc,(v) = 
max, E V(c) d(v, w) then the center of G is the set of vertices with minimum eccentricity. 
As with the centroid, there is one central vertex or a pair of adjacent central vertices. 
A result analogous to that of Theorem 1 holds with r now required to be a central 
vertex of T rather than a vertex in the centroid. To see this let r be a central vertex of 
G and T a distance preserving spanning tree of G with root r. For v E V(T) we have 
ccc,(r) = ccc,(r) d ccc,(v) d ccc,(v). 
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Thus r is a central vertex of T and we have proven: A connected graph G contains 
a distance preserving spanning tree T with root r such that r is a central vertex of T. 
It is known [S; Theorem 2.31 that the extreme values for distance in trees of order 
n are achieved by the star Ki,,_i and path P,,. Easy calculations show that 
o(K1,,_J = (n - 1)2 and o(P,) = (II:‘). Obviously v E C(K,,,_,) implies a(v) = n - 1 
and no tree of order n different from K1,,_ 1 has a centroid vertex with distance as 
small. An easy calculation shows that if v E C(P,) then a(v) = Ln’/4j. 
Two particular graphs will appear in several of our extremal results. The first graph, 
T(n, r) is the tree of order n consisting of a path P of length r - 1 together with n - r 
vertices all adjacent to the same end vertex of P. The second, the dumbbell D(n, a, b), 
consists of the path P, _a _b together with a end vertices adjacent o one end vertex of 
Pneamb and b end vertices adjacent to the other end vertex of Pn_a_b. 
In showing that trees optimal with respect to some parameter have a particular 
structure, we suppose the tree does not have the structure and perform surgery to obtain 
a tree for which the value of the parameter under consideration is enhanced. Usually we 
will need to know only the change in the distance of a tree after surgery. There are some 
short cuts that can be used to calculate this. A general principle is the following. If ab is 
an edge of the tree T, A and B are the components of T - ab containing a and b, 
respectively, c is a vertex of B, and we define the tree T ‘:= T - ab + UC then 
g(T) - a(T’) = c d&y) - 1 &,(x,y). 
xeil,yeB xcA,y~B 
For example, suppose u and v are end vertices lying in different branches at a vertex 
w of the tree T and both of these branches are paths. Let u’ be the vertex of T adjacent 
to u and define the tree T ‘:= T - uu’ + uv. Then 
a(T’) = a(T) - [dT(v, w) + 1 - d,(u, w)] [n - dT(u, v) - 11. 
Note that the sum of the distances from u to the vertices of the u-v path in T is the 
same as the sum of the distances from u to the vertices of the u-u’ path in T’. 
As a second example, where now several edges may be ‘moved’, suppose that ab is 
an edge of the tree T, A and B are the components of T - ab containing a and b, 
respectively, and that S is the set of end vertices adjacent to a and different from b. 
Define the tree T’:= T - {asls E S} + {bsJs E S}. Then 
o(T’) = o(T) - ISI IV(B)I + PI (I~‘(A)I - ISI) = ISI (Iv(A)I - Iv(B)1 - IW 
Similar arguments can be used when calculating the change in the distance of a vertex. 
These arguments are specific instances of a more general result. As pointed out by 
Wiener [14], if T is a tree then a(T) can also be calculated by first calculating a weight 
p(e) for each edge e and then summing these weights over all edges. The weight of each 
edge e = uv is just the product of the number of vertices closer to u and the number of 
vertices closer to v, i.e., it is the product of the orders of the two components of T - uv. 
It is easy to see that the resultant sum is c( T ). This formula, though merely a remark 
by Wiener, will be used so often in our arguments that it deserved prominence. 
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Lemma 1 (Weiner [14]). a(T) = IerECT, p(e). 
This formula has been noted by Gutman [9] and others. The weight p(e) has been 
called the path number of the edge e and an analogous definition has been given for the 
path number of a vertex v, i.e., the number of paths in the tree containing v as an 
internal vertex. This latter concept has been explored at some length by Burns and 
Entringer [ 11. 
Our notation and terminology are standard for the most part. Given three not 
necessarily distinct vertices p, q, and r in a tree T we say that q separates p and r iff 
q lies in the p-r path in T. We will continue to alert the reader to definitions of 
symbols by the use of := and =:. 
2. A bound for oT(u)/aT(w), where u and w are end vertices of the tree T 
It is easy to see that if w is an end vertex of a tree T then the extreme values of oT(w) 
occur when T = K 1 ,n _ 1 and T = P,,. Because c x,,_ ,(w) = 2n - 3 and CJ~“(W) = (i), the 
ratio of these extreme values is greater than n/4 + l/8. However, if two end vertices are 
in the same tree of order n > 22 then, as we shall show, their distance ratio is at most 
(L2J;zl + 1),14. 
Lemma 2. Given the integer n > 5 deJne the integers k 2 1 and s by 4n = k2 + s, 
0 < s < 2k. The unique integer r > 1 at whichf(r):= - 1 + 2[(n - 2)r + 2(n - l)]/ 
[r’ - 3r + 4(n - l)] achieves its maximum is given by 
r= L2Jtll-2 
i 
Obs<k-6, 
Lwa - 1 k-5dsd2k. 
Proof. The proof of this lemma, as well as the proofs of Lemmas 3-5, depend only on 
elementary calculus and case distinctions and for this reason are suppressed. 0 
Theorem 2. Zf w and u are end vertices of the tree T of order n > 2 and the integers 
k 2 1 and s are dejined by 2n =: k2 + s, 0 Q s d 2k, then 
QT64 - r - 
,< 
2 (n 2) + 2(n 1) _ 
CT(U) r2 - 3r 4(n 1) 
1 
+ - 
where 
L2&]-2 O<sdk-6, 
k-5dsd2k. 
For n > 5 equality is achieved ifs T = T (n, r). 
Proof. Let w(u) be end vertices of T with maximum (minimum) distance, with 
T chosen from the trees of order n so that o(w)/a(u) is maximized. We may assume 
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w # u and that n > 5 (the trees of order 2, 3, and 4 are easily checked). Let 
U = Ug, U r, . . . ,u, = w be the u-w path in T and note that 2 < r < n - 1. 
Claim 1. For 2 < i < r - 1, d(Ui) = 2. 
Suppose, to the contrary, that for some i, 2 < i < r - 1, T has a branch B at Ui that 
contains neither ui_ 1 nor ui+i and let x be the vertex of B that is adjacent o ui. The 
tree T ‘:= T - xui + xui- 1 satisfies 
~~44 -= 
~T’(4 
IT + bw(B) > OT(W) 
IT - bw(B) OT@) 
which is impossible. 
Claim 2. All vertices of T not in the u-w path are adjacent to ul. 
From Lemma C and Claim 1 we have 
a(u) = B(UJ + n - 2, 
~J(Q) = a(uJ + n - 2 - 2(r - 2) = o(ul) + n - 2r + 2, 
CJ(U~) = a(uz) + n - 2 - 2(r - 3) = a(uI) + 2n - 4r + 6, 
and generally, for 1 < i < r, 
I = B(u1) + (i - l)(n - 2r) + i(i - 1). 
Thus 
c(w) = (r - l)(n - r) + c(ul) = (r - l)(n - r) + a(u) - n + 2. 
This gives 
!W=L+ (r - l)(n - r) - n + 2 
0) a(u) 
For every fixed r, 2 < r d n - 1, this ratio maximizes when O(U) is minimized, i.e., 
when the vertices x not on the u-w path are as close to u as possible. Since d(u) = 1, 
d(x,u) B 2. Thus Claim 2 follows. 
From Claim 2 we have T = T(n,r) so that B(U) = (‘:I) + 2(n - r - 1) and 
f(r): = $$ = 1+2 
- r2 + (n + 1)r - 2(n - 1) 
r2 - 3r + 4(n - 1) 
=_l+2(n-2)r+2(n-1) 
r2 - 3r + 4(n - 1) 
Application of Lemma 2 completes the proof. 0 
For n = 4 both P4 and K1,3 are extremal graphs in Theorem 2 but, in view of 
Lemma 2, this is the only case in which the extremal graph is not unique. 
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If T is a tree of order n >, 2 for which (T~(M~)/o~(u) is maximized, elementary 
calculations show that 
3. Bounds for (T,.(w)/(T.,.(L’) where w is an end vertex of the tree T and 1: E C(T ) 
As we will show, for n 3 2 this ratio achieves its minimum value when 7‘ is a path 
P of order II - 1 together with a vertex H’ adjacent to a vertex u of P. Knowing only 
this we might guess that u E C(f). For YE 2 4 this is correct only if r? is odd. When II >, 4 
and is even, u$C(P) but u is adjacent to the centroid vertex of P. The upper bound is 
achieved by T (JI. r) where I’ is approximately V/%. 
Lemma 3. Given the integer n 3 3 dgfine the integers k 3 1 and s hy 2~1 = k’ + .s. 
0 < s < 2k. The unique integer r > 1 at which f(r):= (2rn - rz - r)/(r” + 2n 3~) 
uchiecrs its maximum is @en hi 
Ods<k-4, 
k-3<s<2k. 
Proof. See the proof of Lemma 2. 0 
Theorem 3. Jf’ T is u tree of‘ order n 3 2, u’ is an end vertex of’ T, r E c’(7’), and k 3 1 
und s me d&zed by 2n = k2 + s, 0 < s d 2k, then 
l +4n* 
n-2 crT(w) 2rn -. r2 - r 
-- 2Jl + I: 
<---<- 
CT?(U) r2 + 2n _ 3r 
where E is 8 $n is ecm. 5 if n is odd. and 
r= -LX;?&1 
i 
O<.s<k-4, 
I_ ,;5J k - 3 < s < 2k. 
For n 3 3 the lower bound is ohtuined $7’ consists of a path u1 u2 . . u, 1 together with 
an additional Ixrtex w adjacent to ycv, , L jt The upper bound is obtained $f T = T (n, r). 
Proof. The theorem is easily checked for n -= 2.3 and 4 so that we may assume 
n >, 5. 
In obtaining the bounds we first note that the remarks following Lemma C imply 
Ok > a&~). We further note that, by Lemma C, if T is a path of length of n ~~~ 2 
together with an additional vertex adjacent to a centroid vertex of T then 
GT(U’) IT + n - 2 
=l+ 
n-2 
UT(U) CT(U) L(n - 1)2/4J + 1 < 2 
(1) 
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since the distance of a centroid vertex of the path of order n - 1 is L(n - 1)‘/4J. 
Now let T be a tree of order n, with end vertex w and u E C(T) for which 
cr(w)/~~(u) is minimized. By Theorem A we may assume v and w have been chosen so 
that the branch at u containing w has weight at most (n - 1)/2. In proving claims 
2 and 3, (and, for the maximization problem 5), we construct from T a tree T’ of order 
n, with end vertex w, and with u E C(T’) that satisfies, for some m > 0( < 0), 
@T’(W) ~44 + m -= 
@l+) oT(u) + m ’ 
But 
CT(W) + m oT(W) 
oT(4 + m 
<(>)- 
cT(v) 
which is impossible. Thus, to obtain a contradiction in the proofs of these claims it 
suffices to show 
CT’(w) - or(W) = gT@) - ‘+-(U) > o( < 0). 
Claim 1. VW E E(T). 
Let w = wow1 .. . w, = v be the w-v path in T. Suppose that t 2 2 and let b be 
the total weight of the branches at w1 that do not contain u or w. Then b < (n - 5)/2. 
Now v is a centroid vertex and w an end vertex of the tree T ‘:= T - wwl + wwz. But, 
using (l), 
w = gT(w) + b + 1 - [n - 1 - (b + l)] 
oT’(V) OTk) - 1 
oT(W) - n + 2b + 3 
= 
gT(u) - 1 
d 
gT(W) - 2 < CT(W) 
bT(Q) - 1 OTb) 
which is impossible. 
Claim 2. Each branch at v is a path. 
Suppose, to the contrary, that some branch B at v contains two end vertices u1 and 
u2 with u1 # v # u2. From Claim 1, w$V(B). We may assume d(v, ur) 6 d(u, u2). Let 
u\ be the vertex of T adjacent o ul. Now v is a centroid vertex and w an end vertex of 
the tree T’:= T - ulu; + ~4~1.4~. But 
flT’(W) - or = or’(U) - or(U) = dr(v, u2) + I - d&, u1) > 0. 
Claim 3. d(v) < 3. 
Suppose, to the contrary, that the (by Claim 2) paths z+ul, v-u2, and v--u3 are 
branches at v not containing w. We may assume d(v, u1) d d(v, u2) < d(u, uj) and, 
C.A. Barefoot et al. / Discrete Applied Mathematics 80 (1997) 37-56 45 
consequently, have d(u, u2) < (n - 1)/2. Let u; be the vertex of T adjacent o ui. Then 
v is a centroid vertex (by the Corollary after Theorem B) and w an end vertex of the 
tree T’:= T - ulu; + uluz. But 
VT’(W) - Or(W) = cJr(V) - Or(V) = dr(U, UJ + 1 - &(u, Ui) > 0. 
It follows from Claims l-3 that T-w is a path and, since n 3 5, T-w has end vertices 
x and y different from w. We may assume dT(v, x) < dT(u, y) (d n/2 since v E C( T )). Let 
u’ be the vertex adjacent o v on the v-y path in T. If dT(v, y) = n/2 then v’ E C(T’) so 
that (~~(a’) - or(v) = 1. If dT(u, y) < n/2 then d,(v, x) = dT(v, y) = (n - 1)/2 and 
u E C(T - w). Thus 
n-2 
gT(W) (TT(V) + fl - 2 
I+ 
ar-&‘) + 2 
v4C(T - 4, 
-= 
uT(V) OT(V) = 
1 
I+ 
n-2 
OT-Ju’) + 1 
v E C(T - w). 
This completes the proof of the lower bound. 0 
Now let T be a tree of order n > 5, with end vertex w and v E C(T) for which 
cTT(W)/CTT(U) is maximized. As before let w = w w O 1 . . . w, = v be the w-u path in T. 
Claim 4. If 1 < i < t - 1 then dT(Wi) = 2. 
Suppose t 2 2 and that, for some i, 1 < i < t - 1, Wi is adjacent to a vertex 
u different from both wi_ 1 and wi+ 1. Then v is a centroid vertex of the graph 
T ‘:= T - UWi + UWi+ 1, (TTf(W) > adw), and CT!(r) < frr(v). Since this is impossible we 
conclude that d(wi) = 2 for 1 < i < t - 1. 
Claim 5. Every vertex other than w,.. 1 adjacent to v has degree 1. 
Suppose, to the contrary, that B is a branch at v not containing w for which 
bw(B) > 2, let u be an end vertex of B different from v and let U’ be the vertex of 
T adjacent to U. Define the three T ‘: = T - uu’ + uv. Then v E C( T ‘) and 
CT’ (W) - oT(W) = oT’(V) - CT(V) = 1 - dT(V,U) < 0. 
From Claims 4 and 5 we conclude that T = T (n,r) for some r. Thus 
r 
+ - 
- - f(r):= f-g 2 r(n r) 2rn r2 r = 0 
r 
0 
r2 + 2n - 3r ’ 
2 +n-r 
Application of Lemma 3 completes the proof. 0 
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Now let T be the a tree of order n > 3 for which r~~(w)/crr(~) is maximized, 
elementary calculations show that 
4. Bounds for o(T)/o,(v), where v E C(T) 
If T is a tree of order n and u E C(T) then, since D(T) = i Cue V(T) a(v), it follows 
from Theorem B that ~(T)/‘cI,(u) 2 n/2. We will derive the stronger lower bound 
o(T)/a,(u) > n/2 + L &I- 3/2. 
The function f(r) defined in the following lemma will play an important role in 
Theorem 4. Although it can be confirmed by direct calculation thatf(n - 2) =f(n) for 
n > 3, this will become evident in the proof of the lemma. 
Lemma 4. If n =:k2 + s 2 10,O < s d 2k and E is dejined by E = 0 ifn is even and E = 1 
if n is odd, then the integer r, 1 d Y 6 n - 2, which minimizes 
f(r):= 
- r3 + 3r2 + (3n* - 12n + 10)r + 9nZ - 12n 
- r2 + 2(n - l)r + 2n - E 
and has the same parity as n is given by 
if 0 < s < k/3 - 1 and n is odd, 
if k/3 < s < 2k and n is odd, 
if 0 6 s d 4k/3 - 1 and n is even, 
if 4kj3 < s d 2k and n is even. 
(2) 
Proof. See the proof of Lemma 2. 0 
Remark. Defining r by (2) above, we set T * = D(n,(n - r)/2, (n - r)/2) and choose 
u* E C(T *). Then 
and 
= & [- r3 + 3r2 + (3n* - 12n + 10)r + 9n2 - 12n] 
gT”(u*) = + [- r2 + 2(n - l)r + 2n - &] 
where E = 0 if n is even and E = 1 if n is odd. This gives 
o(T*) 1 - r3 + 3r2 + (3n2 - 12n + 10)r + 9n2 - 12n -=- 
oT’(v*) 3 - r* + 2(n - 1)r + 2n - E 
=:i f(r). 
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Theorem 4. If the tree T has order n =:k2 + s 3 2, 0 < s S 2k, and v E C(T) then 
1 - r3 + 3r2 + (3n2 - 12n + 10)r + 9n2 - 12n 
3 -r2+2(n-l)r+2n-E 
< 
a(T) < n _ 1 
qq’ 
where E = 0 if n is even and E = 1 if n is odd and 
1 
2k - 1 if 0 d s d k/3 - 1 and n is odd, 
2k + 1 if k/3 d s < 2k and n is odd, 
‘= 2k if 0 < s < 4k/3 - 1 and n is even, 
2k + 2 if 4k/3 d s d 2k and n is even. 
The lower bound is achieved if T = T* and the upper iff T = K1,,m 1. 
Proof. The theorem is easily verified for 2 6 n d 9; throughout the remainder of the 
proof we may assume n > 10. 
To obtain the lower bound let T be a tree of order n for which a(T) 
minimizes. 
Claim 1. a(T) < n/2 + L&J - l/3. 
From Lemma 4 we see that a(T*) < f(2k - ~)/3. Now, for k 3 2, 
f(2k - E) = ; k2 + 3k + ;s - 5 
+ 
(3s + l)k2 + sk + ~(3s - 1) + &[k2 - (3s - 1)k + s - 3 
2k3 - k2 + 2(s - 1)k + s - e[k2 - 2k + s] 
=- in+3L&J-5+ r (3s + l)k2 + sk + ~(3s - 1) 2k3 - k2 + 2(s - 1)k + s n is even, (3s + 2)k2 - (2s - 1)k + 3s’ - 3 2k3 - 2k2 + 2sk n is odd 
Since both of the fractions are increasing functions of s for k B 2, we have 
I 
6k2 + 15k - 2 
f(2k-c)<in+3Lv’t;J-5+ 6k~“,‘~:“,l 
n is even 
2k2 + 2k 
n is odd 
for n > 4 and the claim follows. 
A vertex u of T is special iff u is adjacent to dT(u) - 1 3 1 end vertices and is not an 
end vertex itself. Let u’ denote the vertex adjacent to u that is not an end vertex. 
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Claim 2. If u is a special vertex then d(u) 2 3. 
Suppose, to the contrary, that d(u) = 2 and let w be the end vertex adjacent o U. Let 
T’ be the tree t - uw + u’w. Then, by Claim 1, for n > 12, 
o(rl) = 0) + 1 - (n - 2) < o(T) 
bT'(u) CT(u) - 1 OT(d 
which is impossible. The trees of orders 10 and 11 obtained by appending a path of 
length 2 to an arbitrary vertex of the trees of orders 8 and 9, respectively, can be shown 
by individual inspection not to be extremal. 
Claim 3. If u is a special vertex then 
o(T) 
n-d(u)- 1 <--- 
gT(v) 
< n - d(u). (3) 
To see this let (~~11 < i < d(u) - i} be the set of end vertices of T adjacent to u. 
(i) Define the tree T’:= T - {UUiI 1 d i < d(u) - l} + (U’Uill < i 6 d(u) - l} and 
note that C(T’) = C(T) if d(u) < (n - 1)/2 and if d(u) > n/2 then u E C(T) and 
ZJ’ E C( T ‘). Thus, setting v’ = u if d(u) < (n - 1)/2 and v’ = u’ if d(u) 2 n/2, we have 
U’ E C(T ‘) and obtain 
or’(u) - a,@‘) = 
i 
d(u) - 1 if d(u) < (n - 1)/2, 
n - d(u) - 1 if d(u) > n/2. 
Since a(T) - a(T ‘) = [d(u) - l] [n - d(u) - l] and, in this case, 
o(T) ~ a(T’) a(T) - o(T’) a(T) - - 
oT(v) aT'(u) 
implies 
bT(o) - CT,(d) ' (TTO 
we must have 
EE& 
i 
n - d(u) - 1 if d(u) d (n - 1)/2, 
oT(V) d(u) - 1 if d(u) > n/2. 
(4) 
(ii) NowdefinethetreeT”:=T-{uui(1~i~d(u)-1}+{u~ui~l~i~d(u)-1} 
and note that C(T “) = C(T) if d(u) < (n - 1)/2 and if d(u) 2 n/2 then 
u E C(T”)n C(T). Thus, setting Y” = u if d(u) < (n - 1)/2 and v” = u if d(u) 2 n/2, we 
have VI’ E C(T”) and obtain 
or+“) - CT(u) = 
d(u) - 2 if d(u) B (n - 1)/2, 
n - d(u) if d(u) k n/2. 
Since a(T “) - o(T) = [d(u) - 21 [n - d(u)] and, in this case, 
o(T) 
-d 
a(T”) 
OTk) crT"(dy 
implies 4T”) -o(T) ~ _ G(T) 
oT"(#) - bT(u) gT(V) 
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we must have 
W) 
-1 ’ 
n - d(u) if d(u) d (n + 2)/2, 
(TT(v) d(u) - 2 if d(u) 2 (n -t 3)/2. 
(5) 
From (4) and (5) we conclude that d(u) 6 (n + 2)/2. If d(u) < n/2 then (3) follows 
immediately from (4) and (5) and if n/2 6 d(u) 6 (n + 2)/2 then n - d(u) - 1 < 
d(u) - 1 G o(T)/ cT v < n - d(u) which also implies (3). ( ) 
Claim 4. We may assume that all special vertices of T have the same degree. 
Suppose that u and w are two special vertices of T for which d(u) > d(w). 
3 implies 
Claim 
n - d(u) = n - d(w) - 1 d a(T )/cT(v) 6 n - d(u). 
Thus every special vertex of T has degree d(u) or d(w). Furthermore, the inequalities of 
(4) and (5) applied to u and w are equalities as are the pairs of inequalities preceding 
them. Thus, if we assume, without loss of generality, that T was chosen to minimize 
the number of pairs of special vertices with different degrees we see, in view of the trees 
T’ and T” constructed in the proof of Claim 3, that all special vertices of T have the 
same degree. 
Claim 5. Every end vertex of T is adjacent to a special vertex. 
Suppose, to the contrary, that some end vertex w is adjacent to a vertex w’ that is 
not special. There is a nontrivial branch B of T at w’ that does not contain v. Denote 
by z the vertex of B that is adjacent to w’. Since B is nontrivial it contains a special 
vertex u and all end vertices adjacent o U. Now define T ‘:= T - ww’ + wz and note 
that v E C(T’) (if W’ = v then choose B to be a nontrivial branch of T at v with least 
branch weight). We have 
0) a(T’) -<-----_ o(T) - bw(B) + (n - 1 - bw(B)) 
gT(G’) OT’(V) gT(V) + 1 
which, together with (3), gives 
o(T) n - bw(B) - 1 f n - d(u) - 1 f - 
CT(U) 
< n - 1 - 2bw(B) 
which is impossible. 
Claim 6. The tree T has exactly two special vertices. 
First, let us note from claims 1 and 3, for each special vertex u of T, 
d(u) - 1 2 n - 2 - o(T)/a,(v) > n/2 - L&J - 5/3. 
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We remark that Claim 4 will be used repeatedly, without further mention, in the 
remainder of the proof of Claim 6. From it and Claim 5 it follows that the number of 
internal vertices of T is congruent to IZ modulo the number of special vertices. 
If T has six or more special vertices then T would have at least 6[d(u) - l] end 
vertices. Also, since special vertices cannot be adjacent to each other except when 
there are exactly two of them, T must have at least seven internal vertices. Thus 
V(T) > 3n - 6 L&J + 2. But this is impossible for n Z 10. 
If T has five special vertices then V(T) > Cm/2 - S,J% - ‘J/3. Since this is imposs- 
ible for n > 12, n = 10 and T has six, seven, or eight internal vertices or n = 11 and 
T has exactly six internal vertices. A tree satisfying these criteria exists only for n = 11 
(and this tree is unique). Calculations show this tree is not extremal. 
If T has four special vertices then V(T) 2 2n - 4L&J - 5/3 so that n d 17. In 
fact, in view of the remarks earlier in the proof of this claim, the only possible (n,i) 
pairs, where i is the number of internal vertices of T are (10,6), (11,7), (13,5), and 
(17,5). There are two possible trees for the (10,6) case, four for the (11,7) case, and 
a unique tree for each of the cases (13,5) and (17,5). Calculations show that none of 
these trees is extremal. 
If T has exactly three special vertices then it has some number i 2 4 of internal 
vertices. Now V(T) > 3[d(u) - 1 + i] > 3n/2 - 3,,/% + i - 5 which is impossible for 
i 2 9. Table 1 gives the possible (n, i) pairs for 4 < i < 8 together with the number of 
trees which must be examined in each case. Since calculations how none of these trees 
is extremal, the proof of the claim is complete. 
Let u1 uz . . . u, be the path in T joining the special vertices u1 and u,. The next claim 
follows immediately from claims 5 and 6. 
Claim 7. For 1 < i < t, d(uJ = 2. 
Thus, for purposes of evaluating the lower bound for o(T )/oT(u), we may assume 
that T = D(n,(n - r)/2, (n - r)/2) for some Y. The lower bound now follows from 
Lemma 4 and the remark following it. 
To obtain the upper bound let T be a tree of order n for which a(T)/a,(u) 
maximizes and observe that o(T)/o(u) > a(K1,,_l)/~K,,._,(~) = n - 1 where v is the 
centroid of Ki,,_ 1. 
Table 1 
Candidates for extremal trees 
i n number of trees 
8 10,11,16,17 5 
7 10-13, 16-19,25 3 
6 10-13, 16-21,25-27 2 
5 lo-29 1 
4 lo-31,36,37 1 
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Suppose bw(B) 3 2 for some branch B of T at v and let u be the vertex of B adjacent 
to c. Label the vertices adjacent o u but different from c as ui, 1 6 i d r. Construct the 
tree T’ of order n from T as follows: T ‘:= T - {UUiI 1 6 i < r} + {uuil 1 6 i < r}. It is 
easily seen that Go - CT~,(U) = bw(B) - 1 > 0 and, as shown in the Introduction, 
ci( T ) - cr( T’) = [hw(B) - l] [n - hw(B)] - @w(B) - 11 
= [hw(B) - l][n - hw(B) - l] > 0. 
Then, 
G-(T) - a(T’) o(T) 
BT(V) - 0.7.,(r) 
= n - bw(B) - 1 < n - 1 < __ a(T) 0’) 
oT(v) 
which gives - < -. 
CT(U) CT’ (v) 
Since z’ E C(T) implies v E C(T’) by the Corollary of the Introduction, the last 
inequality is impossible. Thus bw(B) = 1 for all branches B of T at 0, i.e., T = K,,,_ , 
and o(T)/~~(v) = n - 1. 0 
We note in closing this section that, as a companion to the bound of Claim 1, we 
have, letting u be a vertex of T* adjacent to an end vertex, 
5. Bounds for g(T )/a,(w), where w is an end vertex of T 
For 3 < m < n - 1 the graph S(n, m) is the tree of order n with just one centroid 
vertex, say c’, and each of the m branches of S(n, m) at n is a path of length L (n - l)/mJ 
or r(n - 1)/m]. We set S(n,2):= P, for n 3 2. 
Throughout this section the tree S’(n, m) will consist of the tree S(n - 1, m) together 
with an additional end vertex w adjacent to a centroid vertex v of S(n - 1,m). Note 
that v is the only centroid vertex of S’(n, m). We define k and s by n - 2 =: km + s 
where 0 < s < m - 1. 
Lemma 5. Fix n 2 2 and dejinef(n):= max, o(S’(n, m))/~s.(,.,)(w). Then n - 2fi < 
.f’(n) < n. 
Proof. See the proof of Lemma 2. 0 
Theorem 5. lf the tree T has order n 3 2 and w is an end vertex of T then, defining k and 
s by 2n - 2 =:k2 + s with 0 d s < 2k, 
1 - r3 + 3nr2 - (12n - 13)r + 24n2 - 39n + 12 
5 - r2 - 4(n - 1)r + 4n - 3 1 
d-. o(T) < (1 + o(l))n 
CT(W) 
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2k - 1 if 0 < s Q k/3 - 1, 
‘= 2k+l if k/3<s<2k. 
The lower bound is achieved ifs T = T(n, (I - 1)/2) and the upper if T = 
r(n, ~(n - 2)/r&w. 
Proof. The theorem is easily verified for n = 2,3,4, or 5. Let T be a tree of order n > 6 
and w an end vertex of T for which o(T)/o,(w) is minimized. Let T’ be the tree 
obtained by taking two copies of T, T1 and TZ, identifying the w vertices and calling 
this vertex V. Then u E C(T’) and O&V) = 20,(v) = 2a,(w). Furthermore, 
= 20(T) + 2(n - l)ar(u). 
Now, using Theorem 4, we have 
,L - r3 + 3r2 + [3(2n - 1)’ - 12(2n - 1) + lO]r + 9(2n - 1)’ - 12(2n - 1) 
‘3 - r2 + 2 [(2n - 1) - l] r + 2(2n - 1) - 1 
- (n - 1) 
1 
[ 
- r3 + 3nr2 - (12n - 13)r + 24n2 - 39n + 12 
=- 
3 - r2 - 4(n - 1)r + 4n - 3 I. 
By Lemma 4, this last expression minimizes (over the integers between 1 and 2n - 1) 
when 
’ = 
2k-1 ifO<s<k/3-1, 
2k + 1 if k/3 G’s <2k, 
where now 2n - 1 =:k2 + s with 0 d s < 2k. 
Thus T = T (n, r). 
Now let T be a tree of order n and w an end vertex of T for which a(T)/ar(w) is 
maximized. Choose a centroid vertex u of T and let w = w0 w1 ,.. wt = v be the w-u 
path in T, and I$, 1 < i < s, be the branches of T at u not containing w. 
Claim 1. Vertices w and u are adjacent, i.e., t = 1. 
CA. Barefoot et al. / Discrete Applied Mathematics 80 (1997) 37-56 53 
Suppose, to the contrary, that t 2 2 and let m be the total number of vertices in 
branches of T at w1 different from those branches containing II and w. Then m may be 
1 (since w1 is counted) and, by Theorem A, m + 1 < n/2 since w$C(T ). Let 
T’:= T - wwl + wwz. Then 
__ = @CT) + m -(n - m - 1) , ~ 4T’) a(T) 
~-c,(W) a,(w)+m-(n-m-1) OT(W) 
since n - 2m - 1 > 0 and CT~(W) < o(T). But this is impossible since w is an end vertex 
of T’. 
Claim 2. [f B1 and B, are two branches at a vertex u of T and neither branch contains 
w then 
Ci) u(T)/rr,(w) > n - bw(B,) - bw(B,) - 1 ifbw(B,) 2 bw(B,). 
(ii) v(T)lbT(w) d n - bw(B,) - bw(B,) - 1 ifbw(B,) G bw(B,) - 2. 
To see this let ui, 1 < i Q d(u), be the vertices of T adjacent to u and let Bi be the 
branches at u containing ui. Set T’: = T - (1126113 < i 6 d(u)) + (uzuil3 d i < d(u)) SO 
that, by Lemma 1, 
dT’) = a(r) + [n - iIbw(B,) + I]bw(B,) - l] - bw(B,)[n - bw(Bz)]. 
Thus 
_ 3 o(T’) = G-J + Cbw(B,) - MB,) + 11 Iln - WB,) - bw(B,) - 11 a(T) 
~I-(4 ~TW +(w) + bw(B,) - bw(B,) + 1 
which gives 
[bw(B,) - bw(B,) + l]a(T) > [bw(B,) - bw(B,) + 11 
x [n - bw(B,) - bw(B,) - f]a,(w). 
Inequalities (i) and (ii) immediately follow. 
Remark. Note that if equality holds in part (if and bw(B,) # bw(BJ then 
~(T)/~T(w) = CW~,44 
Claim 3. If B is a branch at a vertex u, bw(B) > 1, and B does not contain w then 
a(T)/gT(w) d n - bw(B) - 1. 
Let U’ be the vertex of B adjacent to u and label the vertices adjacent to U’ as 
u = u;, u;, . . ) U&(,,). Now define 
T’: = T - (~‘2412 G i f d(u’)} + {u4)2 f i < d(u’)) 
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and note that, by Lemma 1, a(T’) = a(T) + n - 1 - bw(B) [n - bw(B)]. Thus 
4T) > 49 a(T) - [bw(B) - l][n - bw(B) - l] 
m’-= IT’ Q&v) - I&@) - 11 
which gives o(T) [bw(B) - l] d cr(w) [bw(B) - l] [n - bw(B) - 11. 
Claim 4. Zf B, and B, are two branches at a vertex u of T and neither branch contains 
w then 
(i) a(T)/a,(w) 3 n - bw(B,) - bw(B,) - 1, 
(ii) a(T)/gT(w) = n - bw(B,) - bw(B,) - 1 $1 bw(B,) - bw(B,)I > 1. 
Part (i) follows from Claim 2 if bw(B,) B bw(B,) or (by interchanging B1 and B2 in 
Claim 2) bw(B,) 3 bw(B,), i.e., part (i) of the claim holds for all values of bw(B,) and 
bw(&). 
From part (ii) of Claim 2 we have a(T) < n - bw(B,) - bw(B,) - 1 if 
bw(B,) < bw(B,) - 1 or bw(B,) < bw(B,) - 1. Combining this result with that of part 
(i) of Claim 4 gives part (ii). 
Claim 5. Each branch of T at v is a path. 
Suppose, to the contrary, that some vertex u( # v) of the branch B,, say, of T at 
v satisfies d(u) 3 3 and let A and B be branches of T at u neither of which contains w. 
Then, applying Claim 4 at u and Claim 3 at v gives 
n - bw(A) - bw(B) - 1 < a(T) - < n - bw(B,) - 1 
ffT(w) 
which, in turn, gives bw(B,) < bw(A) + bw(B), an impossibility. 
Claim 6. Let Biy 0 < i < m, be the branches of T at v with w in B,,. Then 
1 bW(Bi) - bw(Bj) ) < 1 for 1 < i < j < m. 
We may assume m > 3 for if T-w is a path, Claim 6 follows from the fact that 
v E C(T). Thus if Claim 6 does not hold we have three branches B1, B2 and B3 of T at 
v satisfying bw(B,) G bw(BJ < bw(B,) and bw(B,) > bw(B,) + 2. From Claim 4 we 
have 
a(T) n - bw(B,) - bw(B,) - 1 = - 
uT(W) 
> n - bw(B,) - bw(B,) - I 
which requires bw(B,) = bw(B,). We conclude that if B is any branch of T at 
v different from B1 and not containing w then bw(B) = bw(B,). Furthermore, since the 
equality of part (ii) of Claim 4 is satisfied by T we have, in view of the remark following 
Claim 2, ~(T)/cT(w) = D(T’)/oT,(w) f or the tree T’ defined in the proof of 
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Claim 2 (with u taken to be v). Note that, in view of Claim 5, T’ is obtained from T by 
replacing the path B1 by the path B; of length bw(B,) + 1 and replacing the path 
B2 by a path B’, of length bw(B,) - 1. In T’ we have 
bw(B,) -t 1 = bw(B;) < bw(B’, d bw(B,) - 1 < bw(B,), 
i.e., in T’ the maximum difference in branch weights of branches at v not containing 
w is less than the corresponding difference in T. But this is contrary to our original 
choice of T. Thus Claim 6 holds. 
It follows from Claims 1,5 and 6 that T = S’(n, m) for some m where n - 2 = km + s 
and 0 d s d m - 1. The proof of the theorem is completed by application of 
Lemma 5. fJ 
6. Concluding remarks 
Entringer et al. [6] used the upper bound of Theorem 4 to show that every 
connected graph G of order n contains a spanning tree T satisfying o(T ) d 
2(1 - l/n)a(G). This is of interest in light of the result of Johnson et al. [lo] showing 
that the problem of finding a minimum distance spanning tree of a graph is NP-hard 
For comparison purposes the following table contains asymptotic values of our bounds. 
We have limited the bibliography mainly to articles dealing with distance in trees. 
To list all papers concerned with distance in graphs would be impractical. The reader 
wishing to study distance in the wider context should consult the bibliographies of 
Refs. [lo, 121. 
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